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Electron-electron thermalization and electron-phonon relaxation processes in laser-excited solids
are often assumed to occur on different timescales. This is true for the majority of the conduction
band electrons in a metal. However, electron-phonon interactions can influence the thermalization
process of the excited electrons. We study the interplay of the underlying scattering mechanisms
for the case of a noble metal with help of a set of complete Boltzmann collision integrals. We trace
the transient electron distribution in copper and its deviations from a Fermi-Dirac distribution due
to the excitation with an ultrashort laser pulse. We investigate the different stages of electronic
nonequilibrium after an excitation with an ultrashort laser-pulse of 800 nm wavelength and 10 fs
pulse duration. Our calculations show a strong nonequilibrium during and directly after the end
of the laser pulse. Subsequently, we find a fast thermalization of most electrons. Surprisingly, we
observe a long-lasting nonequilibrium, which can be attributed to the electron-phonon scattering.
This nonequilibrium establishes at energies around peaks in the density of states of the electrons
and persists on the timescale of electron-phonon energy relaxation. It influences in turn the electron
phonon coupling strength.
I. INTRODUCTION
Ultrashort laser pulses are an essential tool in medical
and industrial applications.1–8 The development of mod-
ern lasers allows for shorter and shorter pulse durations.
For material processing, generally applicable descriptions
of the energy dissipation in a strongly excited material
are needed, valid for a large variety of laser parameters
and sample sets9–14. Such models usually rely on macro-
scopic parameters like temperatures or densities, in order
to provide an easy and cost-efficiently prediction of the
laser-matter interaction.
Also fundamental questions of quantum interactions in
solids are accessible with ultrashort laser pulses. Intrin-
sic timescales of excitations are investigated experimen-
tally and theoretically6,7,15–19. First principle calcula-
tions are nowadays extended to determine also nonequi-
librium states of matter and excited systems of quasi-
particles, while kinetic methods are applied to study the
relaxation dynamics of the systems20–28. Modern high-
performance computer clusters open up the possibility to
perform larger ab initio calculations tracing also micro-
scopic scattering processes on ultrafast timescales.
A femtosecond laser pulse drives the electrons out
of their thermal equilibrium. Thus, conventional
temperature-based models reach their limits to describe
the dynamics and the energy dissipation inside the mate-
rial. Kinetic models, like the Boltzmann equation18,29–33
or Monte-Carlo methods25,34 allow to trace the evolu-
tion of the electronic nonequilibrium. The electronic
thermalization18,29–31,35–37 and the influence of the dif-
ferent stages of electronic nonequilibrium distributions
on further energy dissipation processes15,18,27–29,36,38 are
in the focus of interest and their details are heavily dis-
cussed topics. Recently, also the influence of the nonequi-
librium in the phonon system has attracted increasing
attention39–41. It is common believe, that the relaxation
processes proceed in a certain order: First, the laser ex-
cites the electrons. Then, the electrons redistribute their
energy and thermalize to a Fermi distribution. And fi-
nally, the hot electrons heat also the phonon system, i.e.
the cold lattice. However, the mutual influence between
different relaxation mechanisms is rarely addressed.
In this work, we study simultaneously the electron-
electron thermalization and their interaction with the
phonons. We confirm the thermalization of most elec-
trons on a timescale of a few tens of femtoseconds. How-
ever, we find a long-lasting nonequilibrium in the elec-
tron system which is induced by the cold phonons. Sur-
prisingly, this nonequilibrium persists on a picosecond
timescale. It vanishes, when the electrons and phonons
are fully equilibrated with each other.
II. MODEL
We use the time-dependent Boltzmann equation col-
lision integrals to study the excitation and thermal-
ization of electrons in a thin copper film, considering
electron-photon excitation, electron-electron scattering
and electron-phonon relaxation. Thus, we describe the
transient changes of electron distribution f(E, t) and
phonon distribution g(E, t)36,38 and trace the nonequi-
librium effects during and after ultrashort laser excita-
tion. We neglect heat- and particle transport. This case
corresponds e.g. to the investigation of thin copper foils,
that are smaller than the depth of homogeneous heat-
ing. In our approach, we include the excitation of the
electrons due to inverse Bremsstrahlung, the thermaliza-
tion due to electron-electron scattering and the energy
transfer from the electronic system to the phononic sys-
tem. Each interaction is described by a full Boltzmann
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2TABLE I. Material parameters for copper
Quantity Symbol Unit Reference Value
Speed of sound cs m s
−1 45 4760
Debye energy ED meV 45 53.8
Density of states D(E) eV−1m−3 12
collision integral, which are derived in Ref. 36. The corre-
sponding collision terms can be simplified be assuming an
isotropic band. Using an effective one-band model36 al-
lows us to implement the realistic density of states (DOS)
with reasonable numerical effort. In this model, an aver-
aged isotropic dispersion relation is calculated from the
density of states taken from density functional theory
(DFT)12. By that, the influence of distinct features in
the DOS can be taken into account36. The one-band
model reflects well the dependence of effective scattering
rates on the density of possible states at certain energy
levels. It has been applied successfully in magnetic42,43
as well as in non-magnetic materials36,38,44 to explain ef-
fects of nonequilibrium spin-flip scattering processes or
electron-phonon energy exchange and their dependence
on distinct features of the density of states.
We evaluate the collision terms as given in Refs. 36,38
numerically in each time step and trace the temporal
changes of the electron distribution caused by the differ-
ent considered scattering processes. Our approach allows
to study the influence of certain scattering processes sep-
arately by neglecting some particular collisions. Further
details on the model can be found in Ref. 36.
Only very few input parameters enter the calculation.
These are the density of states of the conduction elec-
trons, the volume of the unit cell, and the dispersion re-
lation for the phonons. Here, we apply the Debye model
for the phonons46, which is a valid approximation in cop-
per having only acoustic modes. The applied material
parameters for copper are given in table I. The laser is
assumed to have a rectangular shaped time profile with
a duration of τL = 10 fs, and a wavelength of 800 nm,
thus, a photon energy of ~ω = 1.55 eV. The short rect-
angular laser pulse allows to distinguish between the laser
excitation and the relaxation processes of the excited sys-
tem. The absorbed fluence is 0.65 mJ/cm2. The initial
temperature of both, electron and phonons, is at room
temperature of T0 = 300 K.
III. RESULTS
A. Laser-induced nonequilibrium
Figure 1 depicts the electron distribution at the end
of the laser pulse (t = τL = 10 fs) and ten femtoseconds
later (t = τL + 10 fs). Directly after the laser pulse, a
step-like structure is expected29,31,32. The width of each
step corresponds to the photon energy of 1.55 eV29,36.
This structure is also reflected here. The steps are not
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FIG. 1. Electron distribution of copper at t = τL and at
t = τL + 10 fs. The width of each step corresponds to the
photon energy of 1.55 eV. Distinct features of the density of
states are visible in the distribution function. The influence of
the electron thermalization is already visible. At t = τL+10 fs
the distribution almost looks like a Fermi-distribution, but
small deviations are still visible.
perfectly sharp, due to the thermalization, which takes
already place during the very short laser pulse.
The fast thermalization is a consequence of the high
density of excited electrons and the high density of cre-
ated holes in the d-bands below the Fermi edge, which
are induced by the strong excitation fluence. Addi-
tionally, DOS-features influence the excited distribution
function.36,38 Shortly after the end of the laser pulse
(t = τL+10 fs), the distribution almost looks like a Fermi
distribution again. However, nonequilibrium features are
still visible. Especially around the high d-peak at−1.8 eV
below Fermi energy and at the Fermi energy, nonequilib-
rium features seem to persist longer. For a high density
of states, small deviations in the distribution can lead to
a large number of electrons in nonequilibrium.
To quantify these deviations, the total percentage of
nonequilibrium electrons,
nneqtot =
1
ne
∫
dED(E)|fneq(E)− feq(E)| , (1)
is determined, where ne is the total density of conduc-
tion electrons. This value is capable to characterize the
strength of electronic nonequilibrium. Its temporal be-
havior allows for an easy comparison between different
stages of thermalization. The corresponding equilibrium
distribution feq is given by the Fermi-Dirac distribution
with the same number of particles and energy content as
the nonequilibrium distribution fneq at the same instant
of time.
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FIG. 2. Percentage of nonequilibrium electrons. Without
electron-phonon interactions (blue, dotted line) the thermal-
ization is fast and happens on a timescale of tens of femtosec-
onds. With electron-phonon interactions (red, solid line),
the initial thermalization of most electrons is fast. After
approximately 60 fs a quasi-stationary nonequilibrium estab-
lishes. This nonequilibrium decreases within picoseconds due
to electron-phonon relaxation.
B. Phonon-induced nonequilibrium
In fig. 2 the time evolution of nonequilibrium electrons
is shown (red solid line). One can see a decrease of the
normalized nonequilibrium electron density correspond-
ing to a fast thermalization of most electrons within a
few tens of femtoseconds. This agrees with the results of
other studies30–32,36 and the observation in fig. 1. Sur-
prisingly, the electronic nonequilibrium does not vanish
completely and the thermalization does not continue fur-
ther. Instead a quasi-stationary nonequilibrium estab-
lishes after approximately 60 fs.
This raises three different questions. First, what causes
such a quasi-stationary nonequilibrium? Second, how
long does it persist? And third, why does it establish?
The first two questions can be answered easily. Only
electron-electron- and electron-phonon-interactions can
have an influence on the electron dynamics after the end
of the laser pulse. To test the influence of the phonons,
we calculated the dynamics, considering only electron-
electron-interactions. The blue, dotted line in fig. 2 shows
the decrease of the percentage of nonequilibrium elec-
trons according to Eq. (1). It decreases continuously and
thus shows the expected behavior. The electron ther-
malization is fast, with a characteristic thermalization
time on the range of tens of femtoseconds and no quasi-
stationary state appears. Thus, electron-phonon scat-
tering is responsible for the long-lasting nonequilibrium.
This answers also the second question: As long as the
electron-phonon relaxation is not completed, the elec-
tronic nonequilibrium persists. Figure 2 shows indeed,
that it continues to decrease on a timescale of about ten
picoseconds, when electrons and phonons are expected to
reach the same temperature.
The third question concerning the reason behind the
quasi-stationary nonequilibrium is more complex to an-
swer. Thus, we have to take a step backwards. The
energy-resolved deviation from the equilibrium
nneq(E) =
1
ne
D(E)
(
fneq(E)− feq(E)
)
(2)
allows to identify the energetic regions in which the quasi-
stationary equilibrium persists.
Figure 3 shows this differential nonequilibrium density
for timescales during and after laser-excitation on an en-
ergy range of 5eV below Fermi-edge. The color-coding
represents the excess (red) and lack (blue) of electrons,
compared to the corresponding equilibrium distribution.
Initially, on a timescale of a few tens of femtoseconds,
a strong nonequilibrium is visible, cf. also fig. 1. In the
energy range directly below Fermi-edge, i.e. between 0 eV
and 2.5 eV, an excess of nonequilibrium electrons can be
observed, represented by the red area. Further below
Fermi energy, between 2.5 eV and 5 eV, a lack of elec-
trons exists in the excited nonequilibrium distribution,
leading to a blue region in fig. 3. This strong initial
nonequilibrium vanishes fast.
However, at approximately 60 fs a stripe pattern, with
alternating areas of lack and excess of electrons appears
below Fermi energy. Note that above Fermi-edge no such
pattern was observed in our calculations. A closer look to
the energy range reveals that the largest deviations occur
in the energetic area of the d-band peaks in the density
of states. These areas of excess and lack of electrons
are directly caused by the scattering of electrons with
phonons.
The most prominent stripes are located at a small en-
ergy interval around the highest peak in the density of
states. The small width of the observed stripes is a con-
sequence of the small energy of the phonon modes. One
phonon can reach energies only up to the Debye energy
of 53.8 meV, for our case of elemental copper. It is clear
that in a region of high density of states, more scattering
processes are probable and thus the observed resulting
feature is more pronounced.
However, what is the reason for the alternating devia-
tions from equilibrium? Why are energy regions of excess
electrons neighbouring energy regions showing a lack of
electrons?
To analyze this further, fig. 4 shows a narrow zoom
on the distribution function at the highest DOS-peak.
The energy axis is divided into four subareas, to ex-
plain the mechanisms leading to the phonon-induced elec-
tronic nonequilibrium. For comparison, fig. 4 shows also
the corresponding equilibrium electron distribution feq
of the same internal energy. Both distributions have a
much larger energy content than the phononic system.
Thus, electron-phonon scattering will lead to a decrease
of the electrons energy. Therefore, we start the discus-
sion with the area of highest kinetic energy proceeding
towards lower energies.
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FIG. 3. Long-lasting nonequilibrium, caused by electron-phonon scattering at large differences in the density of states according
to eq. (2). Each Peak in the DOS yields to two stripes with the width of a few phonon energies. The effect can overlap for
peaks with small energetic distance, for example below −3 eV.
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FIG. 4. Zoom to the high density of states peak. The area
can be divided in four different areas of stronger and weaker
electron-phonon interaction. Area I and IV have a rather
weak, while area II and III have a strong electron-phonon
interaction.
In area I, the density of states is flat, thus the electron-
phonon interaction is almost equal over the whole energy
range. The (almost) same amount of electrons is scat-
tered in and out of this energy area. That is different in
area II. Here, the density of states increases with decreas-
ing energy, which leads to an increased scattering rate.
More electrons are scattered to lower-energy areas, than
electrons from higher-energy areas can be scattered into
this region. A lack of electrons establishes compared to
the equilibrium curve. In contrast, for region III, the den-
sity of states is decreasing again. Thus, more electrons
are scattered into area III from the higher-energy neigh-
boring area II, than electrons can be scattered to lower
energies. An excess of electrons establishes, compared to
the equilibrium state. In area IV the slope of the curve
changes only slightly, and the in- and out-scattering pro-
cesses are roughly balanced.
The long-lasting nonequilibrium is caused by the
higher electron-phonon collision rate at the high d-peaks
in the density of states. The small energetic range of
the interaction leads to an energetically local nonequilib-
rium, which persist on the timescale of electron-phonon
relaxation. We tested the establishing of the long-lasting
nonequilibrium with different artificial densities of states.
Generally we observe this phenomenon, when oscillations
in the density of states occur on energy scales in the range
of the Debye energy. Note that the effect is expected to
persist also in case complete band structures are con-
sidered. Also for momentum-resolved bands, more states
are accessible and more scattering processes are probable
when bands are shallow in the region of electron-phonon
interaction.
C. Influence of the Long-Lasting Nonequilibrium
In this section, we investigate the influence of the dif-
ferent states of electronic nonequilibrium on the tran-
sient electron-phonon coupling parameter α. Usually, the
electron-phonon coupling parameter is either assumed to
be constant, which is a strong simplification and does
not fit different observations12, or as dependent on the
electronic temperature, which is more suitable39,47 but
neglects nonequilibrium effects. With respect to the
electronic nonequilibrium, the coupling factor depends
on pulse duration, laser wavelength and time.36,38,44 To
extract a nonequilibrium coupling parameter, used by
temperature descriptions8,48, we take the temperature
Te[feq(t)] of the corresponding equilibrium distribution
with the same energy content.36,38
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FIG. 5. Transient electron-phonon coupling parameter α.
The transient equilibrium parameter decreases slightly within
time, due to the decreasing electron temperature. At the be-
ginning, the nonequilibrium parameter is higher as the equi-
librium parameter and decreases due to electron thermaliza-
tion. After about (t = τL + 13 fs) it falls under the equi-
librium parameter due to the beginning establishing of the
long-lasting nonequilibrium.
The coupling parameter
α =
due/dt
Tp[g(t)]− Te[feq(t)] (3)
can be defined analogously to the two-temperature
model.48
The transient coupling parameter is depicted in Fig-
ure 5 for equilibrium and nonequilibrium. The equi-
librium parameter decreases slightly with time, due
to the decreasing electron temperature Te. At first,
the nonequilibrium coupling strength exceeds the cor-
responding equilibrium coupling. Then, due to ther-
malization within the electronic system, the nonequi-
librium decreases and the parameter assimilates to the
equilibrium case. At about (t = τL + 13 fs), the cou-
pling parameters intersect. Without the phonon-induced
nonequilibrium, the coupling parameter would match for
later times. However, the phonons drive the electrons
in the long-lasting nonequilibrium state (compare figs. 2
and 3). This disturbance has also a feedback-effect on
the electron-phonon coupling on the timescales of energy
relaxation. After the parameters intersect, the nonequi-
librium parameter falls below the equilibrium coupling,
which can be explained with the help of fig. 4. In the
depicted energy region, the coupling to the phonons in
nonequilibrium is weaker as in the equilibrium case as a
consequence of the disturbed distribution function. Due
to the high density of states and following, the high par-
ticle density in this region, it has a high impact on the
electron-phonon coupling.
IV. SUMMARY AND CONCLUSION
In this work, we investigated the different timescales
and stages of electronic thermalization after ultrashort
laser irradiation. We applied Boltzmann collision inte-
grals considering the density of states of copper using an
effective one-band model. We have calculated the en-
ergy distribution of the electrons excited with an ultra-
short laser pulse and have traced the thermalization of
the laser-induced nonequilibrium. The transient electron
distribution experiences a fast thermalization in a few
tens of femtoseconds. Thus, the electronic subsystem
has lost the information of the details of the initial laser
excitation on this ultrashort timescale.
Surprisingly, we have found a long-lasting, quasi-
stationary nonequilibrium, which establishes shortly af-
ter the end of the laser pulse. This is caused by
the phonon emission of hot electrons and persists on
the picosecond timescale of electron-phonon relaxation.
The nonequilibrium vanishes completely, when electrons
and phonons are thermalized. A closer look on the
energy-resolved deviation of the electron distribution
from a Fermi distribution has revealed that an increased
electron-phonon scattering at energies around the d-
peaks in the density of states drives the long-lasting
nonequilibrium. The timescales of equilibration are thus
two-fold: a fast initial thermalization on femtosecond
timescales followed by a quasi-stationary nonequilibrium
finally thermalizing on the picosecond timescale.
We have also shown, that the electron-phonon coupling
strength is influenced by the long-lasting nonequilibrium
in the electronic system. By that, the electronic nonequi-
librium can leave a measurable effect on the further en-
ergy dissipation.
We thus conclude that even when the timescales of
relaxation are well separated as in the case of electron-
electron thermalization and electron-phonon relaxation,
the different scattering processes influence each other
considerably. As long as the whole system is not fully
equilibrated, partial equilibria can be disturbed by other
interaction partners.
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